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Abstract. This paper is a first attempt at getting information on a symmetric power lift of 
a GLi automorphic representation via a trace formula that is beyond endoscopic techniques. 
In particular, we study the symmetric third power L-function for representations over Q 
adjoined the cube roots of unity. For a certain family of automorphic representations over 



^vq . this field, we prove that the symmetric third power L-function of a cuspidal representation 



has analytic continuation up to the right of s = ^. As well we show there is a pole for this 
L-function coming from Kubota's cubic theta function in the guise of a residual Eisenstein 
series. While this result is known by Kim and Shahidi, one hopes that similar ideas to 
this paper can push further the understanding of higher symmetric power lifts. A key tool 
needed in the study is an identity relating cubic exponential sums to Kloosterman sums. 
While we do not make a traditional trace formula comparison in this paper, this very same 
f-H ' identity is crucial to the fundamental lemma in work of Mao and Rallis. 

■i— > 

I. Introduction 

The goal of Langlands's paper Beyond Endoscopy is to study functoriality via the trace 
■ formula that is not accessible using endoscopy. One such example is the symmetric power 
lifts of a GL 2 cuspidal automorphic representation II. The symmetric A;-th power lift of the 
automorphic representation II is a degree k + 1 representation and it is conjectured to be 
automorphic. Its associated L-function is entire assuming the representation is not associated 
to a Galois representation on a complex vector space. In other words, the L-function is 
conjectured entire unless the form is dihedral, tetrahedral, octahedral, or icosahedral. 

The endoscopic approach here would be to take a trace formula associated to represen- 
tations of degree k + 1 and a trace formula associated to representations of degree 2, and 
compare or match orbital integrals. However, there is no known way of capturing from all 
r/N . k + 1 automorphic representations the lifts from representations of GL 2 . 

Langlands's idea then is to capture functoriality via another mechanism. Let p denote a 
representation of the dual group of GL 2 , and let 



oc 



i(s ,n,,) = ^ c " (n -" ) 



n" 

n=l 



denote the associated L-function. One can think of the Dirichlet coefficients c n (U,p) as 
Fourier coefficients associated to the representation II. Then if g E C^°(1R + ), J °° g(x)dx = 1, 
the sum 



Gu, P {X) :=^^^(n/X)c„(n,p), 
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and its size (in terms of X), gives data about the associated L-function. If the associated 
L- function has a simple pole at s = 1, then 

GnA x ) = Res s =iL(s, n, p) + 0(X- 5 ), 5 > 0. 

However, it is challenging to get such analytic information about a single automorphic rep- 
resentation. Langlands then incorporated the trace formula into this averaging of the coef- 
ficients. One studies, 

n 

Now the trace formula can be used as we have a sum over the spectrum of representation on 
GL(2), and detect the representations that have an L-function with non trivial residue at 
s = 1. A key point being when the L-function associated to II has a pole, it is "detecting" a 
functorial transfer or II is lifted from a lower degree. 

In this paper we study p being the symmetric cube lift of a representation II using the 
beyond endoscopy approach. Previously, the symmetric first and second power lifts were 
studied via this method by Sarnak [S] and Venkatesh [VI], respectively. 

Unfortunately, in our study we are restricted to a field K that is adjoined with the cube 
roots of unity for technical reasons. Likewise, due to analytic difficulties, we choose the 
central character to be the cubic residue character, which also requires the arithmetic lattice 
T associated to our representations be contained in a principal congruence subgroup. This 
lattice is more restrictive then the classical Hecke congruence subgroup. There is another 
point of technicality that instead of investigating the true symmetric cube Fourier coefficients 
c n (II, sym 3 ), we use c n 3(II). These coefficients agree at squarefree numbers and the Dirichlet 
series 

c„s(n) 



E 



n" 

n=l 



associated to the latter should be analytic in the critical strip if the symmetric cube L- 
function is entire. In the paper we get analytic information on this Dirichlet series and 
show this gives similar information on the symmetric cube L-function. This is analogous to 
the symmetric square calculation in [VI], where the coefficients studied are c n 2(U) and not 
the true ones Yl,di 2 =n c <* 2 (n)- Fortunately in the symmetric square case, this is analytically 
harmless as 



L(s,Tl,sym*) = C(2 S ) ]T ^ 



n=l 



It is not so simple in the symmetric cube case and so getting analytic continuation of the 
L-function in this way might be difficult. 
We study 

(1.1) -^5>(N(n)/X) (^M^n)c n3 (nH(lT) + {CSC n s A }\ , 

(n) Vnyi / 

where (n) is a sum over integral ideals of K and b e Ok- Here V is a test function and 
h(V,uji) is a Bessel transform of V needed for convergence. CSC denotes the continuous 
spectrum contribution. We describe these explicitly in section 3. 

So when does the symmetric cube L-function have a pole? We follow [KS]. Let n be a 
monomial cuspidal representation, or n = n <g> r], where r\ is a grossencharacter associated 
to a quadratic field L/K; r\ is necessarily of order 2. Then there exists a character \ °f &l 
that does not factor through the norm map such that n is induced from x- We write this as 
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II = n(x). In this case the central character of the representation is w n = VX- Without loss 
of generality, we can choose x to be of finite order. Here then 

L(s, IT, sym 3 ) = L{s, X 3 )L{s, X X% 

where x' is the Galois conjugate of x- Further, L(s, II, sym 3 ) has poles only at s = 1 or 
iff x 3 — 1- So we expect nontrivial contributions from (1.1) for families of nontrivial level D 
and central character r\ or 77(7)3, where i] is a quadratic character associated to the quadratic 

field Q(\/~D) and (7)3 is the cubic residue character. 

There is another case to consider for having poles for the symmetric cube L-function if 
the representation is not cuspidal; those are the residual Eisenstein series. In the case of the 
family of automorphic representations we consider, there is a close correspondence, called the 
Shimura correspondence, with metaplectic representations of the cubic cover of GL 2 . From 
this Shimura correspondence the automorphic representations inherit a residual Eisenstein 
series, called the Kubota cubic theta function from the metaplectice representations. Much 
work has been done on this correspondence including [F], [Ku2]. If one investigates the 
Dirichlet series with Fourier coefficients at cubic powers of the Kubota cubic theta function 
it has a pole at s = 3/2. This is closely associated with Kazhdan and Patterson's Periodicity 
Theorem [KP], which more or less says the coefficients of the residual Eisenstein series 
associated to a /cth-cover metaplectic representation are invariant under /cth-powers. 

However, other than the pole coming from residual Eisenstein series, there are no other 
symmetric cube L-functions that should have poles. 

Thus in our case we expect for (1.1) a main term of size X 1//2 plus a remainder term of 
size 0(X~ 5 ), 5 > 0. The former corresponding to the residual Eisenstein series and the latter 
to all the other automorphic spectrum. 

We get such a result here, 

Theorem 1.1. Let g E C^(R + ), such that J °° g(t)y/idt = 1. For a fixed e > and b E O k 
with b squarefree, 

1 £ g(N(n)/X) KV, PnM^W) + {CSC n ,, b } j = h(V, 1/3, 0)K^^X^+O(X-l), 

with K associated to the residue of the cubic power L-function associated to the residual 
Eisenstein series. Also r{b) is the b-th Fourier coefficient of this same residual Eisenstein 
series or cubic theta function, which is closely associated with the cubic Gauss sum. 

Remark 1.2. Note trivially we have the bound 0(X 2 ) by estimating exponential sums on 
the geometric side of the trace formula. While the Weil bound on the Kloosterman sum gives 
0(X*). So this is a significant cancellation on the geometric side of the trace formula to get 
to a main term. 

It is interesting to see such isolation of a spectral value, namely an eigenvalue of s = 4/3 
in the complementary spectrum coming from the Kubota theta function, and the rest of 
the automorphic spectrum. Usually getting any kind of power savings at all from the main 
term is an achievement in analytic number theory. It is also a gift that one can unearth the 
Fourier coefficients for these functions associated to metaplectic representations. It seems 
a hard problem in metaplectic representation theory for higher degree coverings to know 
exactly the Fourier coefficients as their is a lack of uniqueness of Whittaker models, which 
precludes standard Hecke relations, see [P6]. 
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From the theorem we can apply Hecke theory to the above sum to get information on 
a single symmetric cube L-function. However we need the spectral sum to be finite (for 
example, representations with eigenvalues in a finite set) to apply this theory. Here we 
require a hypothesis which is an immediate consequence of the functional equation of the 
symmetric cube L-function to reduce to such a situation. 

Hypothesis 1.3. Assume for any n, there exists Mi, M 2 > 0, such that 

(1.2) 1 £ g(N(n)/X)c n s(U) « (1 + KI) Ml (l + \ P u\) m 

nee> K 

where {vn,Pn} are the archimedean parameters associated to n. 

Obviously, we would like to prove all the qualities of the symmetric cube L-function via 
the trace formula, and an assumption on the functional equation seems fairly strong. A 
similar but much easier question of the trace formula implying the functional equation for 
the standard L-function is answered in [H]. Regardless, with the hypothesis above we get 

Corollary 1.4. For II a cuspidal automorphic representation with central character the 
cubic residue character, its associated symmetric cube L-function has analytic continuation 
to U{s) > \. 

Corollary 1.5. For Yl a cuspidal automorphic representation with central character the cubic 
residue character, the Dirichlet series 

E c»a (n) 
N(n) s 

has analytic continuation to 9ft(s) > |. 

It would be nice to use a central character that is quadratic or a quadratic times a cubic 
character to see monomial representations or a cuspidal symmetric cube L-function having 
poles, but the exponential sums that occur are not amenable to current technology. 

We also attach an appendix to this paper, which studies the same calculation over Q, with 
trivial central character. The results are only partial there. 

2. Outline of Paper 

After applying the trace formula to the left hand side of (1.1), we apply Poisson summation 
to the n-sum. The dual sum we split into 2 cases: the zeroth term and anything else. For the 
zeroth term we apply techniques of Patterson on cubic Gauss sums, which ultimately, give 
the error term bound of the theorem. For the non-zero terms of this dual sum, we encounter 
cubic exponential sums, which in general are difficult to deal with. One of the main tools 
we use is an identity relating cubic exponential sums to twisted Kloosterman sums. For 
example, for c = 1(3), c e Z, we have 

Ek 3 + k v^/J/v { V-3 3 y 
c z — ' c c 

k(c) y(c)* 

This is one of two techniques the author knows to do to simplify cubic exponential sums. 
The other is expressing them into Gauss sums. Quadratic exponential sums, on the other 
hand, have a wealth of tools to help study them. Curiously, this identity is the cornerstone 
in proving the Fundamental Lemma of Mao and Rallis [MR] . 
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After the use of this identity, we simplify cubic exponential sums to Ramanujan sums, 
which we can more easily handle. From here, we still need much more cancellation to get 
analytic information of the symmetric cube L-function near s = 3/2, where one should 
encounter the residual Eisenstein series. Similar to recent papers in analytic number theory, 
not only do we need cancellation in the cubic exponential sum, Kloosterman sum, etc.; we 
need cancellation in the sum over the modulus of these sums. 

Thankfully, after the application of the cubic identity, one is left with relatively simple 
sums, which look more or less like: 

E E 

N(c)~X3/2 M(m)«X 1 /2 
(m,c)=l 



Using elementary reciprocity, 



77 1 :d, 



B A AB 

we can swap the modulus of the exponential sums and instead investigate a much simpler 
sum 

Ex - — m 3 c. .m 3 . 

N(c)~X 3 / 2 NfraXd 1 / 2 
(m,c)=l 

Now the first exponential sum will have large cancellation due to the small modulus 3 3 , and 
the second exponential sum is "flat" and can be included with the other archimedean test 
functions in the setup of the problem. This is standard technique with such analytic number 
theory problems, separate the oscillating part of the problem from the "flat" part. After an 
application of Poisson summation in the c-variable now, the residual Eisenstein series shows 
up as the zeroth term, which one can think of as the c-sum is being replaced by an integral. 

We then through the use of having enough "test" functions reduce to a finite dimensional 
setting on the spectral side of the trace formula. From there we can apply Hecke operators 
to isolate a single cuspidal automorphic representation n. The Theorem's bound now for 
a single Dirichlet series associated to II we then associate to analytic information of the 
corresponding symmetric cube L-function. Unfortunately, we lose information going from 
the Dirichlet series to the symmetric cube L-function, that is why we only get information 
to the right of the line s = 1/2 rather than the line s = 1/3 which we get looking at the 
cubic power Fourier coefficients from the trace formula. 

Lastly in the first appendix, we try understand what is happening for a beyond endoscopy 
aproach over Q. We can only deal with a small part of the analysis. Again we apply tools of 
Patterson in [PI], [P2], and [P3]. The analysis seems familiar to that of Heath-Brown and 
Patterson's result on equidistribution of angles associated to cubic Gauss sums in [HBP]. 

In the second appendix, we prove the complex version of a result in the appendix of [V] that 
given a nice test function on the geometric side of the trace formula, the Bessel transforms 
associated to it on the spectral side of the trace formula are sufficient to reduce the spectral 
sum to a finite dimensional one. 

3. Preliminaries 

Let K = Q(u), with u a cube root of unity. The ring of integers will be denoted Ok- Here 
the discriminant is denoted Dk, and the different is generated by 5 = 3. Likewise, define 



6 P. EDWARD HERMAN 

the absolute norm of ideal an c as N(c). We denote the non-trivial automorphism in this 
field by x — > x'. We use the standard notation for the exponential e(x) := exp(2iri(^ + fr))- 
Let 

r 1 = { 7 G 1 SL 2 (0 K ):7 = /(3)}, 

and 



r,(D) = {^ er i:J D| c }. 



We use the Kuznetsov trace formula over the imaginary quadratic field K from [BMo], 
[L]. We chose to study the automorphic representations that transform by Y = T*(D) with 
D = 1(3) and of central character the cubic residue character. This is very nearly the same 
family studied in [LP]. For cusps re, re', it takes the form 

(3.1) ^MV,z/n,Pn)^(n)^(n) + {CSC^} = 



n#i 

where n,v E C*k and V(x) G C£°(C*). The transform associated to the archimedean param- 
eters (Vn,Pn) is 

(3-2) h(V,u a ,p a )= f V{z)B m {z) d ^, 

Jc \ z \ 

where d + z is the Lebesque measure on C. Here, 

B v „(z) = sin( 7 r(z,-p))- 1 (|^|-^(^)^J^ +p (z)J!^(z) - Q~ 2p J^ P (z) j; +p (z), 

where J*(z) = J M (z)(| )~ M and J M (^) is the standard J-Bessel function of index Following 

[BM] the choice of square root does not matter, provided arg \ft = — arg \Jt. 
The Kloosterman sum equals 

(3.3) S~(w>- £ (^Ml ^ 7 '^"' 7 ' )). 

7 er CT \r/r CT , v ,; 

c(t)=c 

where 7 G T and a = 0(7), 6 = 6(7), c = c( 7 ), and d = d( 7 ) by 

a b 
c d 



= aja' 1 . 



4. Geometric side of Trace formula 

Let <? G C^°(1R + ), such that J °° g(x)dx = 1. The Kuznetsov trace formula gives us that 
(1.1) equals 

1 1 A / 3 l 

(4- 1 ) ^ E s(nw/*) E w^ K, > 3 ' 6 > c M^^) 

(n) c^O ^ ' 

We now refer to a explicit calculation of the Kloosterman sum following [LP]. We consider 
the cusp 1—D which shall be represented as re -1 (00) with re -1 = ^ ^ ^ In^j w *^ n ^ = 1(3) 
and m = 0(3). Let re' be the identity matrix, then following Proposition 5.1 of [LP] 
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Proposition 4.1. For any c, the sum S K ' K (u, /i,c) is zero unless c = 1(3), in which case we 
have 

S^(u,im,c) = £ e(^ ± ^)(-)3 := S 3 (n,u,c). 

a(c)* 

Here x is the multiplicative inverse of x(c). 

We now break up the Kloosterman sums and gather all the n-terms to get, 

< 4 - 2 > E^E^f?) 

c=l(3) V ' x(c)* 

Ee( i^ W N W /x)n^)}. 

(n) J 

To apply Poisson summation in the n-variable, we now "unfold' the sum over the ideals 
(n) to the integers of Ok- Analytically, this is harmless as there are only finitely many units 
in this field. 

As the term in brackets in (4.2) is a smooth function, we can apply Poisson summation 
to the n-sum in residue classes mod c to get, 



XJThs ^ N(c) 2 ^ C 
V K c=l<3) V 1 x(c)* 



c=l(3) v ' x(c)* 

v^v^ ,xk 3 — mk. f —tm. . . T r .47rV^ s , 
EE e ( ) / e(— )0(f/*)V(-^-)di 

m fc(c) 

Here for simplicity of notation we write g(t/X) := ^(t^/A) and dt := dt\dt2- In later 
sections when we need detailed information on the integral, we will be very explicit with the 
integration parameters. 

Change of variables U — > y/XU, i = 1,2, gives 



ee<k — „ — ) y c e (^— )»<^<^4 — >* • 

m fc(c) " /(L J 

Since g and V are of compact support, N(c) ~ A 3//2 . Thus, it is sufficient to study (4.4) as 

<«) ^EskEffwfiEE^ 5 ^)^^). 

c V ' i(c)* m k(c) 

where W m (y) = ^= J c e(f^)g(t)V(^-)dt. Notice the terms N(m) > yfX are negligible 
by integration by parts in the t-variable. Negligible in this case means a bound 

(«) 3^ £sk, £<!)*(?> E E e( ^z^) = (x-^), 

c x(c)* N(m)>v / X fc(c) 
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for any positive integer A > 0. Trivially we have the bound 0(X 2 ) for (4.5). While applying 
the Weil bound on the Kloosterman sum of (4.1), see [V]: 

(4.7) ^(w^k^c)^^ 

3 

gives the bound O(X^). 

5. Using a Cubic identity 

Our focus is on 

(") E E^E^T'E^^^M^), 

c=l(3) m v ' x(c)* fc(c) 
c=0(D) 

where 2U m is the same as W m it just helps us locate that N(c) ~ X 3 / 2 . 
It is key to understand 

E xk 3 — mk. 
e(— ^— )■ 

fc(c) 

Let us define T(A, B, c) := ^ x{c) e(^!±^). 
We break this into 2 cases: m = and m^O. 

5.1. The case of m = 0. We prove in this subsection, 

Proposition 5.1. 

c=l(3) v ' x(c)* k(c) 
c=0(D) 

So this is significantly smaller then the bound of Theorem 1.1. 
The arithmetic to study in this case is 

(5.3) ^(5A( I) 0,c). 

x(c)* 

We reduce the study to prime power modulus by the following lemma. 
Lemma 5.2. Let c = C1C2, (c±, c 2 ) = 1, and (A, c) = 1, £/jen 

T(A, B, Cl c 2 ) = T(Ac 2 , 5, Cl )T(Ac 2 , 5, c 2 ). 
Proof. This is a direct application of Chinese remainder theorem. □ 

Now we state Lemma 8.7 from [LP]. 
Lemma 5.3. Letp\ 3A, then 

T(A,0,p k+3 ) = N(p) 2 T(A,0,p k ). 
Using the above 2 lemmas we can reduce study of (5.3) to 

x(p k )* ' x(p k )* 

where (z,p) — l,k — h + 3l, h(3). 
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Lemma 5.4. Let k > 1, with k = h + 3/, h(3). For (z,p) = 1, 

E(^(pm-,o,/) = o. 

rr(p fe )* 

Proof. We first note the fact from [BY] that 



Tit* p p 

for (r, p) = 1 and fc > 1. Thus for h = 0, we are done. For /i = 1, from [LP] 



(5.5) T(zx,0,p) = g(zx,p) + g(zx,p). 

A change of variables in the Gauss sum and the conjugate Gauss gives 



(-)30(1,P) + (-)s0(1,P). 
p P 

The cubic residue character has conductor p, so either the sum over x(p k )* is a Ramanujan 
sum or a Gauss sum, both of which are zero. If h — 2 then by [LP] T(xz, 0,p 2 ) = N(p), so 
again the Gauss sum is zero. 

□ 

Thus the study of (5.3) is reduced to squarefree modulus. 
Now by Proposition 8.1 in [LP] for (A, c) = 1, 

T(A,0,c)= ^(Aci)^A^)N(c 3 ) 2 . 

Incorporating this into (5.3), we have 
(5.6) J2(^h e (^)9{x,c 1 )g(x,c 2 ). 

C\C2=C x(c)* 

With a change of variables this reduces to 

ClC 2 =C x(c)* 

Now 

(— )ae(— ) = n(c 1 )g(b,c 2 ), 

Co C 
x(c)* 1 

by an application of the Chinese remainder theorem. This reduces (5.3) to 

E A*(ci)<7(&,ci)N(c2). 

ClC2=C 

Proof. {Proposition 5.1} By use of the previous lemmas, (5.2) equals 



c=0(D) 

where indicates only squarefree numbers. 
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This term is bounded by 



/ 



(5.8) 



X 3/2 



\ 



^(ci)^(6,ci) 



ci=l(3) 
ci=0(D) 
V(ci)<X 3 / 2 



N( Cl ) 



/ 



Vn( C2 )<#^ / 



We trivially bound the Mobius function and use the theorem of Patterson [P5]. Let 
T( S ,/i) = Ec G ^^ 



c=l(3) 



N(c) s ■ 



Theorem 5.5. T(s,fi) converges absolutely iflR(s) > 1 and can be continued to a meromor- 
phic function in the entire plane. T(s,fj) is regular in the half plane 3?(s) > 4/3 except for 
a possible pole at s = 4/3. 

Applying this theorem gets the bound 0(X~ 2 ^ 3 ) for (5.8). This will be the dominant term 
other than term coming from the residual Eisenstein series of size 0(X 1 ^ 2 ), which we unearth 
from the terms with m ^ in the following sections. □ 

5.2. The case of m ^ 0. In this case we first need to deal with cubic exponential sums 
T(A,B,c) with (AB,c) > 1. The identity we ultimately want to apply is applicable when 
(AB,c) = 1, so we need to reduce to such case. Reducing to a prime modulus by Lemma 
5.2, we have the following local calculation: 



Lemma 5.6. Let (AB,p) = 1 then 

'n( P yT(A,B, P k - 3 ^ 2 ), 

N( P yT(A,B,p k -& +i y 2 ), 



E.Ax 3 - p>Bx. 
< ~k ) 



x(p k ) 



n(p) k / 2 T(A, B P h+ L fc / 4 J - r fc / 4 i , P k ~ 3 r fc / 4 i ) , 

N(p) k / 2 T{A,0,p k - 3 ^ k ^), 
N(p)(*+ 1 )/ 2 r(i4,0,pL(*-3)/4J) j 



if j < k/2 and j is even 

j < k/2 and j is odd 

j = h + k/2, < h < fc/4, k g 2N 

j = h + k/2,h > fc/4, A; G 2N 



j = /i + (fc + l)/2, 
/i > L(A:-3)/4j,fc odd 

N ( p )(fc+l)/2 T ( i4)jBp h+L(fc+l)/4j-r(fc+l)/41 jJ ,L(*-3)/4j) j j = fe + (jfe+l)/2, 

/i < L(A;-3)/4j,fc odd. 



Proof. Take the case j < k/2. Then we can rewrite 



x(p fc ) 



Ax 3 - j^'i5a; 



Aa 3 + p>Ba 

pk 



), 



using x = a + p k j b with a(p k j ), b{jp>). Since j = 21, I e N, a = p'y, y(p fc 3 '). Incorporating 
this into the cubic exponential sum we have N(p) j T(A, B,p k ~ 3j/2 ). Similarly, the same pro- 
cedure for j < k/2 and j odd gives N(p) j T(A, B,p k ~( 3j+1 ^ 2 ). Note here if k — 2,j — 1 then 
the sum is one. 
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Now we break the cases of j > k/2 into cases where k is even and odd, respectively. 
Suppose first k is even, then 

x(p k ) P a(p fc / 2 ) y 

3a 2 =0(p k / 2 ) 

Then a = p^^y,y(p k / 2 ~^^). Now if j = h + k/2, h > k/4, the sum reduces to 
E(p) k / 2 T(A,0,p k -^ k W). Hh< k/4, one gets 

N(p) fe / 2 T(V rfe/41 , Bp h+k / 2+ ^ 4 \p k ). 

This reduces to 

fq( p ) k / 2 T(A, Bp h+lk/4i+ ^ k/4 \p k -^ k/4 ~ ] ). 
The last equality following from 

k/2 + \k/4] - 3 rib/41 = k/2 - \k/4] - \k/4] = [k/4\ - \k/4]. 
The last equation is — 1 if k ^ 4q, q e N and else. 

k — 1 

If k is odd, one uses the decomposition x = a + p^~b to get 

E a 3 +p J a 3(a 2 b + p fc_1 a6 2 

e ( ^fe ) e ^ p (fc+i)/2 )■ 

a (p(fc-l)/2) F 6 (p(fc+l)/2) ^ 

Since k is odd, e( ^qj^ ) = 1. Now if (a,p) = 1 the internal sum is 0. If a = p l y, with / < 
then again the internal sum is zero. If / > ^±1, then writing the j = h + 1 < /i < 

fc + 1 

the internal sum is N(p)~, so the sum in the a variable 

ffi „3|-(fc+l)/41 3 + (fc+l)/2+ft+r(fc+l)/41 

N(p) 2 2^ e ( 



Then this equals 



pk 

a =p[(k+i)/4,-]y(p(k-i)/2 r 



2 1^ < )' 

j,(pL(fc-3)/4J) F 

by a similar argument to when is even above. 
So if h > [(k - 3)/4j , then we get 

N(p)^T(A0,p L(fc - 3)/4j ). 

And else, 

N(p) ^T(A, Bp h+ L( fc+1 )/ 4 J " r(fe+i)/4l ; p L(fc-3)/4j ) _ 



We now state an identity studied by several authors [DI], [K], [LP], [P4], and [Y]. 
Theorem 5.7. Let (xm, c) = 1, then 



□ 



^ xk 3 + mk ^,xy y - m 3 3 3 xy 
( 5 - 9 ) Z^ e ( " ) = )• 

k(c) y{c)* 



12 P. EDWARD HERMAN 

This is a beautiful identity relating a cubic exponential to a twisted Kloosterman sum. As 
mentioned, [MR] state this identity is equivalent to the Fundamental Lemma in the problem 
they study. The reason we choose our field to contain the cube roots of unity, is this identity 
does not seem to exist for primes p = 2(3). There should be some analogue so as one can 
study the problem over Q. 

The next part of the paper is very technical, and on a first read through, one should keep 
in mind b = 1. Then one only needs Proposition 5.8. However, we want to employ Hecke 
operators to isolate a single representation on the spectral side of the trace formula, and for 
that we need an arbitrary Fourier coefficient c b (U). This is why we need to deal with the 
"ramified" cases in Proposition 5.9. 

We now use Lemma 5.6 and Theorem 5.7 to prove the following proposition. 

Proposition 5.8. {Unramified Case} Let 1 < j < k, (wB,p) = 1. Suppose (b,p) = 1, then 

^ A bA ^ Awx 3 +p j Bx 

( 5 - 10 ) 2_. ( ^ )3e( ^ ) 2^ e( p~k ) = °- 

A(p k )* x(p k ) 

Likewise if (b,p) > 1, but j = 0, then one has the same result. 
Proof. We deal with the first case of Lemma 5.6. Using Theorem 5.7, 



N( P yT { Au,B,p>-W) = N( P y V (^W^). 

j/(p*-3j/2)* ^ r 

Gathering the A-sum in (5.10), we have 

^ A A^y A^(b - B 3 p 3 i/ 2 ¥y) 

A(p k )* 

Then since (b — B 3 p 3j / 2 3 3 y,p) = 1, we use the fact from [BY] that 

for (r,p) = 1 and k > 1. If (b,p) > 1 but j = 0, then again (6 — B 3 3 3 y,p) = 1, and by the 
same argument we are done. The other cases are analogous, as we just are applying over 
and over again that a Ramanujan sum is zero if the modulus is a prime power. 

□ 

The general case for (b,p) > 1 is more difficult. In the proposition below, we will not be 
too specific with the answer when it is non-zero as it will not matter in the later calculation. 
It is more important to admit these non-zero cases exist. 

Proposition 5.9. {Ramified Case} Let 1 < j < k, (wB,p) = 1. Suppose b = bp 1 , (b,p) = 1, 
then to have a non-zero contribution one must have k = I + 1, and for these cases 

A{p k Y y y x(p k ) y 

where either LI = (^) 3 g(l,p)p,(p) + N(p)(^) 3 , (f)(p) 2 , or p,(p)(f)(p). If b is squarefree, then 
the ramified case has zero contribution. 
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Proof. Following the above Proposition, one gathers the A-sum. It can be checked that for 
each case of Lemma 5.6, the only nonzero cases are when k — I + 1. Again this comes from 
the fact that the associated Gauss or Ramanujan sum are only non-zero when the modulus 
is squarefree. The sum to consider is 



(5.12) 



E 



.A. ,bA, 
M 



V 



P 



E ■ 



,Awx 3 + p> Bx 



P 



i+i 



)■ 



One needs to know from Lemma 5.6 what j's give non-zero contribution. For such an / the 
first 2 cases are all zero by an easy check, except when for the first case k — A,j — 2, and 
for the second k — 6,j — 3. These will reduce after using Theorem 5.7 to either fJ.(p)4>{p) or 
4>(p) 2 depending on if b = B 3 3 3 y(p), where y parametrizes the new sum coming from using 
the mentioned theorem. 

The fourth case will have modulus with power > 1, except when [k = 2n,j = 2n — 1], 
for 1 < n < 6. For these non-zero cases by a change of variables and using (5.5), the sum 
reduces to 



(5.13) 



N(p) 



2n 



p p 



For the fifth case an analogous argument to the fourth case gives a non-zero contribution 
for k — 3, 5 with the sum equaling N(p)^ +1 ^ 2 ^(^) 3 gi(l,p). While for k = 7,9, one has 



(5.14) 



N(p) 



(fc+l)/2 



-hg(i,pMp) + m(—h 
p p 



Other k give zero contribution as the modulus has power > 1. 

We turn to the third and sixth cases. For the third case, again note [m/A\ — \m/A\ = 
{0, —1}. If one considers h — [(I + 1)/4J , [(I + l)/4 — lj, then either the reduced modulus 
is p° or p 1 , which are the only ones that can contribute. Indeed, for the third case consider 
Z + 1 = 0(4), then the sum reduces to 

Ax 3 

( 5 - 15 ) E e bmT/l) = °> 

x (p(!+l)/4) y 

unless I — 3. If I — 3 from the third case then our reduced sum is 



E 

A(p'+!)" 

Similar to (5.13) the sum reduces to 



(5.16) 



N(pf 



,w 



x(p) 



w 2 b, 



p ) 3 g(l,p)fi(p) + N(p)( 



If I + 1 = a(4), a 7^ 0, then we investigate the power of p attached to the coefficient B in 
Lemma 5.6. By inspection, it is ^i^^y^ . This reduces to p° using [m/2\ + |~m/2] = m. 
So again we can use (5.15) to show the whole sum is zero unless I + 1 — 3\(l + l)/4] = 1. If it 
is non-zero, then we can mimic what we did to get (5.13). These give non-zero contributions 
and are the only cases. 
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The sixth case is analogous to the third case, here the only contribution comes from 
h — [(k — 3)/4j — 1, with non zero contributions the same as the cases above up to a power 
ofN(p). 

Notice after all the cases, that only k = 2 would have a non- zero contribution for squarefree 
b and by above, this is zero. 

□ 

5.3. Reduction from cubic exponential sums to Ramanujan sums. Let us look at 

the case (bm, c) = l,m/0. 

Incorporating the identity of Theorem 5.7 into the opened Kloosterman sum in (5.1) we 
have 

(5.17) Y(*) 3 e(-)Ye( Xk3 + mk ) = 

x(c)* k(c) 

E,x. .bx.sr^^y. ,y — m 3 3 3 yx. 
- 3 e - ^ — 3 e ^ = 
c c ^ c c 

x(cj* j/(c)* 

j/(c)* x(c)* 

So what the identity did is take complicated cubic exponential sums to manageable Ramanu- 
jan sums! 

But now we must also address the "ramified" situations. Now by Propositions 5.8 and 5.9 
to have a non- zero contribution when (to, c) > 1, we must have (b, to, c) > 1, say (b, to, c) = 
p l . If p l \\b, then by Proposition 5.9, p i+1 ||c for a non-zero contribution. Then by a similar 
calculation to when (to, c) = 1, we have by Chinese remainder theorem, 

(5.18) J2(^h< b ^)J2< Xk3 = 

x(c)* k(c) 

rV^/Z/x ,p 2(l+1) yk 3 + mfc i r 2 6z ^ c 2 ^ 3 + to/c , 

[zJt^Wz^ ~ )JL 2^ (^TT)3 e (lm) 2^ < — HTi )J = 



y{c)* k{c) z^ 1 )* ^ ^ k(p l + r ) ^ 



1( ^ E( ^ )El(! Mp )1 | %f 

t(c)* 2/(6)* 



:-) 3 ^(l,p)/i(p)+N(p)( — ) S 



]■ 



By multiplicativity one can do the same decomposition for (b,m,c) = rLftS a product 
of primes. So we can extract the problematic case and therefore reduce to the case when 
(bm, c) = 1. 

Remark 5.10. Notice how important the central character being the cubic residue character 
is. If we chose another character say the cubic residue character times a quadratic character 
then we encounter Jacobi-like sums twisted by an additive character. For example, one sees 
the sum 

F(a,c):=^) 3 (^) 2 e(^). 

x(c) 

Ideally one would like to get cancellation in such a sum over the modulus c, but they are not 
something the author has encountered in the literature. 
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Now we simplify (5.17). 
Lemma 5.11. If(bm,c) = 1, then (5.17) equals 

E,V, rV\\r ( x ( h - m ^y)^ /C ^ y y3 3 m 3 



c c 

j/(c)* x(c)* 



q\c 



2/(£)* 

y=Ko) 



Proof. The interior sum is a Ramanujan sum, hence is equal to 

£_M^)N(?). 

g|(c,b— m 3 3 3 ?/) 

Inverting the g and y-sum and a change of variables gives the result. 

We now prove the |/-sum is multiplicative in c and q. 
Lemma 5.12. Let c = df, (d, f) = l and q\c, q = wv, where w\d, v\f. Then 



□ 



2/(£)* 



.x3 3 m 3 , 

x(d)* 

..X = fc('Uj) 



,y, ,y3 3 m 3 



' f 

*(/)* 

.z=6(t>) 



./ 



Proof. This is an application of the Chinese Remainder Theorem. This is the same proof as 
for a normal Gauss sum, but we point out for the usual bijection y mod df —> (x mod d, z 
mod /) via y = f fx + ddz, where dd = 1(f), ff = 1(d), the congruence 

y = //^ + d<fe = i(g) 

implies 

//x = ih. 

Further // = hence the result. □ 

We now can focus on a prime power modulus. 
Let c = p k and q = p r ,0 < r < k. 



Lemma 5.13. If (bra, p) = 1, £/ien 



y3 3 m 3 



y(p k ) 
y=b(p r ) 



p 



p" 



unless r = k. 

Proof. The cubic residue character is a primitive character of conductor p, hence the sum is 

, b . ,336m 3 , x ^ /frPm 3 , 

as (m,p) = 1. □ 

Thus only q = c contributes to (5.1), and the LHS of Lemma 5.11 equals N(c)(|) 3 e( 2 ^)! 
What is left over after after the use of this lemma to (5.1)? Write b — J^[p'% then we can 

i 

rewrite the equation using Proposition 5.9 as 
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c=l(3) . ™ . W 1(c)* fe(c) 

e o(V) (m ' c)=1 

(c,b)=l 

E x - 1 v^/^n ,xk z — mk.^ .N(c),-, 



N(c) ^ V" v c 7 ^ v c 7 mv x 3 / 2 ' 

c=l(3) m v ' x(c)* k(c) 
c=0(D) 
(c,b)>l 

1 r \ \ 1 v^/^n ,bx,s^ /Xk 3 — mk,^ ,N(c). 



c=l(3) , m s , W x(c)* k(c) 
c^O(D) (™' c ) =1 
(c,6)=l 

n^< E E s^E^^E^^^^O. 

i c=l(3) , ™ . K J x(c)* k(c) 

c^O(D) ( m ' c ) =1 
(c,6)=l 

where if; could be 1 or any of the H of Proposition 5.9. 

Note if b is squarefree then one does not need to restrict the c-sum to be coprime or not 
to b by using Proposition 5.9. 

The point being up to these factors Hi, we are in an "unramified" case where (mb, c) — 1. 
Assuming b is squarefree, we know now after using Theorem 5.7 and above lemmas that 
(5.19) is 

( 5 - 20 > ^ E (;)3 E e(^)MW^) + oprn 

c=l(3) (m,c)=l 
c=0(D) 

Remember the error term comes from the m = calculation in section 5.1. 

Notice trivially we have the bound 0(Vx~) for (5.20), this is in fact the correct size of the 
main term. In the next sections we show that with an execution of the c-sum. 

6. Executing the c-sum 

Using elementary reciprocity: 

A B _ 1 

B + A = AB (1) ' 



we have 

life , . m 



(6.1) e (__) = e 



/„ ;i 3 :! 6, - 



c ' y 3 3 b ' V 3W 
Assuming 6 = ±1(3), we can use cubic reciprocity to get (5.20) equal to 

1 ,c, m 3 c N . m 3 . /" ,—tXm. , ^^ t AtxJ (Xt) 3 b^ , 

(^) E Sj^). E ^M^) <— )9it)V(^ r ^)dt 

c=l(3) V 7 (m,c)=l 
c=0(D) 
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As N(c) ~ X 3/2 and N(ra) < X 1/2 , one could say that e(^) is a "flat" function which will 
not create any oscillation. 

We detect the congruence condition on the c-sum by characters modulo 3, 



(6.3) 

^yEEw(k)^ c)( x )3 £ 

^ V ' V(3) c v 7 (m,£>c)=l 



iir'Dc in 

6( ^3^ )e( 



L>c 



Mobius inversion removes the coprimality condition on the c-sum leaving(after inverting 
sums) 



(6.4) 



1 (f) 3 ^£>) ^(l^ffl 1 c -(fmfDlc (lm)\ 



0(3)^ N(D) 



Ic 



N(0 

, —tXm 
Dc 



b3 3 



'3 3 6D/c y 



) S (t)v.«)* 



D/c 



For reasons later we break the m-sum into arithmetic progressions modulo 3. We denote 
these asm e 0(3) and m = ±1(3). For now we fix a residue class m = a(3) and perform 
Poisson summation on c modulo 3 3 b to get just the c-sum equal to 



(6.5) 



S^E L ^(y)(^) 3 e( 633 )e( w 



N(3 3 6) 



fcee> K 



y(336) 



X 




. (Zm) 3 , ,-tXm, . . .-^.^^tta/POW, , rf+z 



3 3 6 



Dlz 



I J ■ S 3 bDlz' 

An easy integration by parts argument in the z- variable shows that if k ^ the integral is 
of size 0(X~ N ) for any integer N. So only the k — term contributes and we are left with 
(6.6) 



N(3 3 6) 



E E MXfM 



y — (ml) 3 Dly s 



(m,c)=l L j/(3 3 fe) 
m=a(3) 



63 3 




. (Zm) 3 . ,-tXm s . ^Any/OCtfb. , d+z 



DZz 



-2 



2 ' 



Now note if m = ±1(3), and assuming (6, 3) = 1, a simple Chinese remainder argument 
shows that 



j/(33&) 

as it decomposed as a Ramanujan sum with prime power modulus. So to have a non-zero 
contribution m = 0(3). 

So we are left with from (6.4) 



(6.7) 



i V (f)3^(£>) v M0({MQ 



N(3 3 6)0(3)^ N(D) 




c ./c 



(lm) 3 
bDlz 



N(0 
-tX3m 



,/ n/J/x ,-(ml) 3 Dly 

E E^)(fe) 3e ( — ^ — 

2/(336) 



X 
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Changing z — > \ and in the Gauss sum y — > (m) 3 l 2 Dy and another integration by parts 

argument shows the m-sum can be limited to size N(m) <C \fX, with an error term of size 
0(X~ N ) and so we can perform Poisson summation on the m-sum to get 



(6.8) 



n^^SE| E [ X>a/)(fM-^) 

V 7 rV ' V(3) l V ' q£0 K L y{3 3 b) 



X 



Awlfz. -tX3wz. . ^ r AitJ(Xt) 3 bz. , . 

Dlz 




With a change of variables z — > 2 ^ z 3/2 we have 



(6.9) 



N(3*D&) #3) ^ N(J) 



EE^E E^)(^(f 



2/(336) 



X 




Another change of variables u> — >■ ^/ w leaves 

v : x ^ x ^ //(/) 



(6.10) 



N(3 3 Db) 0(3) E E N( Z ) 2 E E ^)( 6 y ) 



2/(336) 



X 




C jC 



,w 3 z, 



-3u>,2 



) g (t)y(27r^)^f^e(- g( ^ 7 1/2w )d W . 



Dl 



Again another integration by parts argument in the w- variable shows the only non- 
negligible term is the q = term (other terms contributing 0(X~ N )), which leaves after a 
rearrangement of terms 
(6.11) 



x Ic9 (t)Vi d t i E f E ^ )8c( ^) 



C K (2)N(3 3 D6) 0(3) 



V>(3) S(3 3 6) 

Using Chinese remainder theorem on the y-sum 




c Jc 



E M)(£M-^) = [£^)][£(fM-^ 



2/(336) 



2 (33) 



x(6) 



which is non-zero if ^ is the trivial character only. 

So the main term simplifies again to 
(6.12) 



X0(3 3 ) J c g(t)Vidt 
C K (2)0(3)N(3 3 J D6) 



y(b) 




W 3 Z, 



V{2nz\/b)e K 
c Jc 26 



dw. 
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Now the w- integral has been fortunately studied in [Kul], giving the formula 

1 ,zw 3 



(6.13) J^ e {-{—-?,wz))dw = 



N(6) 



1/3 



N(z)V3y c ^2 

N(ft) 1 / 3 7T 2 



e (-(it; — Swb^z^d w 



N(^) 1 /3 3 s in( 7 r/3) 



\b^z^\(\J_ 1/3 (2nzb^)\ 2 + \J 1/3 (2nzb^r) = 

N(&) 1/2 |^(| J- 1/3 (2rf/ 2) | 2 + 1^(2^/2)12). 



Inputting this into our main term we get 
(6.14) 



47T 2 v / X0(3 3 )/ c ^(t) v ^^ 
3 v / 3Ck(2)0(3)N(3 3 j D)N(6)V6 



Now a change of variables z — > 7^75, unhinges the archimedean integral from the arithmetic 
b. This b dictates the 6-th Fourier coefficient on the spectral side of the trace formula. 



(6.15) 

2tt 2 V / X0(3 3 ) J c g(t)Vtdt 
3sin(7r/3)CK(2)0(3)N(3 3 ,D)N(6) 1 /6 



E^^T^l / V(z)(\J„ 1/3 (z)\ 2 + \J 1/3 (z)\ 2 ) 



d+ 



z 



Now the Gauss sum equals g(l,c), so we are left with 

27r 2 ^(l^)VX0(3 3 ) j c g(t)Vidt f n|J . f v |2 /2 

(6 - 16) 3sin (7 r/3)C K (2)0(3)N(3 3 D)N(6)Va JV(z)(\J. 1/3 (z)\ + \J 1/3 (z)\ )^. 

We simplify 3^(3)^(33) = ^, and likewise make a change of variables to polar coordinates 
giving 

2n f 

g(t)Vtdt = —= \ g(t)Vtdt, 
: v3 Jr 

and as we assumed g is chosen to have f R g(t)\/tdt = 1, the main term is 



(6.17) r tEl^m* / V(,)(|J_ 1/3 W| 2 + Ui/aWI 2 )^. 

1 ; 27 v / 3sin(7r/3)C K (2)N(D)N(6) 1 /6y c 1 Al 1/31 M \z\ 



Now it is an easy but tedious check that 
(6.18) £1/3,0(2) 



(\J. 1/3 (z)\* + \J 1/3 (z) 



sin(7r/3) 

so (5.19) equals a main term plus arbitrary decay in X, 



(6.19) ^g(l,b)VX 

V ; 27 v / 3Ck(2)N(D)N(6) 1 /6 v 7 7 v ' 
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7. ISOLATATING A SINGLE FORM ON THE SPECTRAL SIDE OF THE TRACE FORMULA 

We exploit the fact that each irreducible representation II has associated Fourier coeffi- 
cients that obey Hecke relations: 



(7.1) 

one gets 

(7.2) 

n#i 

Likewise, one gets 

(7.3) ]TMi>nMn) 



c n (n)c mi (n) 



r|(n,mi) 



J2h(v,v u )c fl (n)c q (n)c u (n)= ^ ^M^nMn)c-(n). 



r\(q,u) n^l 



JV 



! !',.(») 



E E E 



£ X)Mv,^i)c M (n) Cn£iW ,(n). 



n#i 



So one computes by using Theorem 1.1 and (7.3) for any q { such that dlili 9»j D) = 1, 



n#i 



II^( n ) 

EE E - E }c E 9(NW/i)EM^n)c n s(n) Cnf _ i5 ,(n) = o(r4). 

In particular, for any polynomial F(c qi ,c q2 , ...,c qN ) with complex coefficients 
(7.5) - Z>(*V*) E MV, ^n)c n (n)F( 

m n n^l 

has a corresponding identity like Theorem 1.1 over the forms of level D on Q adjoined the 
cube roots of unity. 

With this freedom of choice of F, if we were in a finite dimensional setting (e.g. the space 
of forms of a fixed weight k or eigenvalue parameter tj), we can choose such a polynomial 
F to be zero on all but one single representation II. An important point to be made here is 
that whatever polynomial F we make, it is independent of X. We prove in the next section 
we can reduce to such a finite dimensional setting. 

7.1. Inversion formulas and reduction to a finite dimensional setting. 

Theorem 7.1. {Bruggeman-Motohashi Inversion formula} For any function f that is even, 
smooth and compactly supported on C* , let 

h(V,u,p):=l [ V(z)B u , p (z)^, 
z Jc* \ z \ 



then we have 



B[h(V,v,p)](z) = V(z). 



BEYOND ENDOSCOPY FOR THE SYMMETRIC CUBE L-FUNCTION AND THE SHIMURA CORRESPONDENCE 

Here for f(u,p) a nice function defined in \L](Chapter 11.1), 

(7.6) B[f](z) := J2 [ B„, p (z)f(v,p)(p 2 - v 2 )dv. 

pel J M(»)=o 

Now we use Hypothesis 1.3 in the following propositions very analogous to those in the 
appendix of [V]: 

Theorem 7.2. Let tj be a discrete subset o/R with {j : tj <T}<^T r for some r and p G Z 
with {p : p < P} <C P q for some q. Let, for each j,p, there be given a function cx(tj,p) 
depending on X , so that cx(tj,p) <C (tjPY f or some r'- the implicit constant independent of 
X. Suppose that one has an equality 

(7.7) Jim ^2c x (t j ,p)h(V,t j ) = 

X — >oo ' * 

j,P 

for all h(V,tj,p) that correspond via Bruggeman-Motohashi inversion to V. Then 
linix^oo c x(tj) exists for each {tj,p} and equals 0. This equality holds for all functions 
h for which both sides converge. 

Proposition 7.3. Given {jo,Po} G N 2 , e > and an integer N > 0, there is a V of compact 
support so that h(V,t ,p ) = 1, and for all j' ^ j ,p ^ p ,h(V,tj>,p) <C e[(l + |t,'|)(l + 

\t P \T N . 

Proof. {Theorem 7.2 via Proposition 7.3} Exactly same proof as Proposition 17 implying 
Theorem 7 from the appendix of [V]. □ 

Proof. {Proposition 7.3} See Appendix 2. □ 

Specifically, we let 

(7.8) exit,) = 1 ^3(NW/I)c n a(n)F(c, 1)C92) ..,c w ), 

n n 
tn=tj 

for any polynomial F G C[xi, ..,Xn]. 

Now choosing F to isolate a single discrete II with archimedean parameter tj, not the 
cubic theta function, reduces the problem to 



(7.9) 1 J2 9mn)/X)c n s(U) = O(X^). 

neO K 

By Mellin inversion 

( , 10) I E ^K^IJ 0)^o (X - 

How does this Dirichlet series above relate to the symmetric cube L-function? 
Lemma 7.4. 

E c«3(n) 
N(n) s 
neo K v ' 

has analytic continuation to 3?(s) > \ if and only if L(s,U, sym 3 ) does. 
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Proof. Using the multiplicativity and a trivial bound (i.e. c n (II) <C N(n) 1 ~ e ) for the Fourier 
coefficients with the expansion of 



n 

n=l 



n 

n=l 



for — 1 < x < 1, we get 
(7.11) 

logfv^Uiogf n d + ^)l= y yiziovfflz 

\nee> K V ' / \P60k, prime / peO K , prime ]=1 J ^ ' 

Likewise, the symmetric cube L-function is defined by an Euler product [KS] up to a finite 
set S of primes as 
(7.12) 

L s (s,U,sym).- [[ i 1 '^) ( l NfpT~ ) i 1 ' 

pfS, prime 

where a p (U) , (3 P (U) are the Satake parameters associated to II. As we only care about the 
analytic continuation of the L-function for 9ft(s) > |, the Euler pieces in S do not affect 
convergence issues. Using 

log(l -x) = ~Y^ 

n=l 

for — 1 < x < 1, and a similar argument to (7.11) we get 

(7.i3) iog(L s( ,,n,^))= v £ c 'S. n » 

pgS, prime j=l 7 W 

using the fact 

c p j(sym 3 (Tl)) = a p (U) 3j + a p (Tl) 2j (3 p (Jl) j + a p (Jl) j f3 p (Jl) 21 + /3 p (II) 3j . 

Using (7.1) again, one can easily check c 3 (Jl) = c p (sym 3 (U)). So the two sums match for 
j = 1 (up to the set of primes in S) and to prove the lemma we only consider j > 1. Now 
we need some kind of non-trivial Ramanujan bound |a n (II)| <C n d+t ,e > 0, for convergence 
of the series. In the interest of trying to avoid using bounds coming from knowledge of the 
symmetric cube L-function of [KS], we use the bound of [Sh], with = \- Then for (7.11), 
analogously (7.13), for 3?(s) > |, 
(7.14) 

J-^ ^ Mp) js ^ ^N(p)^/ 5 ^ N(p) 4 / 5 (N(p) 4 / 5 - 1) 

peO K , pnme j=2 J pGO K , prime j=2 peO K , prime v ' 

It is clear then that the Dirichlet series 

E Cn3(II) 
N(n) s 

has analytic continuation to 9ft(s) > \ if and only if L(s, II, sym 3 ) does. □ 

So following the lemma and (7.10) holding for an arbitrary test function g, we get Corollary 
1.5. 
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8. Appendix 1 

Here we discuss how one can understand the same problem of determing the poles of the 
symmetric cube L-function of GL 2 form but over Q, with trivial central character. We follow 
exactly the same steps to get to a sum similar to (4.5) but with only the m = term, 

c x(c)* k(c) 



We will show F(X) = Q(X 



-l/2\ 



8.1. Properties of cubic exponential sums and cubic gauss sums. Let f(x) be a 
polynomial with integral coefficients, then adopting the notation of [PI], we define 

5(/(x),c)^e(^). 

j=0 

We first need some lemmas found in [PI]. 
Lemma 8.1. If c\,c 2 are coprime then 

S(Ax 3 , Cl c 2 ) = S(Ac 2 2 x 3 , Cl ) ■ S{Ac\x 3 ,c 2 ). 
Lemma 8.2. Suppose (A,p) = 1, one has 

S{Ax 3 ,p k ) = pf ifk = mod 3 

= p^S(Ax 3 ,p) ifk = \ mod 3 

2k — 1 

= p~ ~ if k = 2 mod3,j9^3 

2k— 1 27T^4 

= p— (1 + 2cos( — — )) ifk = 2 mod3,p = 3 
9 

Also if p = 2 mod 3, or if p = 3 then 

S(Ax 3 ,p) = 0. 

Lemma 8.3. Let p = 1(3) and let p = ttty be a decomposition of p into prime factors in 
Zfe 2 ?], with ir = 1(3). Then 

S(Ax 3 ,p) = g(A,7r) + g(A,7r) 



where 



Using these lemmas one can prove 
Lemma 8.4. If(3A,c) = 1, t/ien 

S(Ar 3 ,c) = ^ <?(A<5M 2 , 

w/iere 5 G Z[w], 5 = 1(3) and d G N. 



<5,d 
7V(<5)-cZ 3 =c 
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Our focus will naturally be on 

x(c)* k(c) 

To make our use of Lemma 8.2 more explict we write this as 
(8.2) 



E4>E^ 

A(c)* fc(c) 



We make a change of variables k —¥ Ak, and A — > A, to get (8.2) equals 
(8.3) 



E^E^: 

A(c)* k(c) 



Let C3 := -g, where 3 J ||c, so clearly (03, 3 J ) = 1. Then using multiplicativity of Lemma 8.1 
(8.3) equals 



(8.4) 



,4(3^)* fc(3J) 

Then Lemma 8.4 gives (8.4) equals 



3^ 



A(c 3 )* fc(cs) 



(8.5) 



A(3J)* fc(3J) 



5>A E ^ 2 3 2 vm 2 

A(c 3 )* 3 M 

7V(<5)-cZ 3 =c 3 



We focus on the sums associated with c 3 . For the time we will ignore the subscript c 3 and 
replace it with c. Using the fact that 



(8.6) 



g (r,n) = (-) 3 g(l,n), 



n 



for (r, n) = 1 and (^3 = (^)3> we open up the cubic gauss sum to get 

(8-7) E rf2 E 



e(Tr(|)) £ e (l ^A_)(4)3. 



s )W Ky, ^ ^N(5)-d^ x 5 

8,d y(5) A(N(S)-d 3 )* v ' 

N(S)-d 3 =c 



Now the interior sum is a gauss sum that is only non-zero when d — 1. Therefore (8.7) 
equals 



(**) E (^).E(?)^(?» E 

A(AT(5))* V ; 



N(S)=c 
5=1(3) 



Let 
5.9) 



JV(n) 



•«;» = E 

l<x<7V(n) 



then following the arguments of [BY] we have 



r((-))=0(l,7r). 

7T 



BEYOND ENDOSCOPY FOR THE SYMMETRIC CUBE L-FUNCTION AND THE SHIMURA CORRESPONDENCE 

Then (8.8) equals 



* V(S) A(N(S))* v ; 

N(5)=c 
5=1(3) 

5 j,((5) A(5) 5 

N(6)=c w JV(5)=c 

5=1(3) 5=1(3) 

The last equality, using properties of the cubic gauss sum can be written as 

5 

Af(5)=c 
5=1(3) 

8.2. Evaluating at m = 0. Remember our goal is to evaluate 

("2) E j E e <7) E 

c 21(c)* fc(c) 

By the previous section, this boils down to studying 
(8 - 13) x^Z. 2. 35 ^ o( ^' 

j=0 5 w 
5=1(3) 

One would like to execute the sum over j and 5 separately, and it can almost be done 
upon inspecting Lemma 8.2. Namely, the pivotal case is j = 2(3). So we split the j-sum into 
residue classes modulo 3. 

8.3. j = 2(3). In this case, S(A 2 N(5) 2 ,3 j ) = 3^(1 + 2cos(^f^)). Here we use from 
[P2] that 

,2ttA 



2cos (__) = e(l/9)x*(A) + e(-l/9) X9 (A), 

where X9(A) is the primitive character of order 3 and conductor 9 given by xg(l + 3i>) 
e(i>/3). Incorporating this, 

(8.14) £ S{A 2 N{5)\V)e^) = 

3^ (/i(l) + e(l/9) X9 (iV(5) 2 ) £ X9(A 2 )e(^) + e(-l/9)x9(N(5y) £ ^)e(^) 

y A(3J)* '' A(3?')* 

Note we only get a non trivial contribution from j = 2 to the Gauss sum. So for j = 2, 
(8.14) equals 

1 + e(l/9) X9 (iV(5) 2 M^) + e(-l/9)x9(W(*) 2 )r(x9). 
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This gives (8.13) equaling 
(8 15) 1 V 9 ^ 6)2 W( N{6)9 ) 



9 y iV ( 5 ) 

5=1(3) 



+ 



ge(l/9)T( X o) 



\ d 

\5=1(3) 
1 



iV(5) 



X 3/2 



/ 



+ 



9 



e(-l/9)r(x 9 ) 



W 



N(S) 



X 3/2 



(3) 



/ 



We also use the fact that X9{N(6)) — (7)3; an d 8-6, to get 
(8 16) 1 V 9^6) 2 ( N(8)9 



<5 

5=1(3) 



e(l/9)r( X9 ) 



E ^#^) 



\ 



\5=1(3) 



JV(*) 



-e(-l/9)r( X8 



X 3/2 
/ 



+ 



E 

\5=1(3) 

Now we use the key result of [P3]. Let Q(s,/i) = Y^6ez[u>] ■ 



N(5) 



W ( 



X 3/2 



/ 



5=1(3) 



Theorem 8.5. Q(s,/j) converges absolutely if^t(s) > 2 and can be continued to a meromor- 
phic function in the entire plane. Q(s,fx) is regular in the half plane 3?(s) > 5/3 except for 
a possible pole at s = 5/3. 

This is the result that is very similar to the equidistribution result of [HBP]. The differences 
is they look at the Dirichlet series 



(8.17) 



E 

5=1(3) 



N(5) s 



where g(l,6) = sffi. 

Letting Wo(s) be the Mellin transform of Wo, then by Mellin inversion the first sum in 
(8.15) equals 

fc+ioo 



(8.18) 



1/9 



W (s)X 3s / 2 Q(l + s,9)ds, 



with c = 4. Then by a contour shift to c = 2/3 — e, we get at most a term 0(X), coming 
from the possible pole at s = 5/3. 
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We now address (8.13) for the cases j = 0, 1(3). Fortunately these cases are much easier 
to deal with. 

8.4. j = 0(3). Here S(A 2 N(5) 2 ,3 j ) = 3t, by Lemma 8.2. Therefore, 

J2 S(A 2 N(5) 2 ,3^) = 3^. 

We also need the fact that 

ofe+3/ ok 

<V>' = <7>» 

Here in the case of j = 0(3), <?(3 J , 5) = g(l, 5). So letting k = 3j, we have 
(819) V V 1 N(5)3^ 

k=0 6 K ' 

5=1(3) 

Again by Mellin inversion and an application of Theorem 8.5, we get a term of size 0(X). 

8.5. j = 1(3). The case here is trivial as 

S(A 2 N(5) 2 ,3 :i ) = 3 2i t 1 S(A 2 N(5) 2 ,3) = 0, 
by Lemma 8.2. This completes are calculation for m — 0. 

9. Appendix 2 

We prove Proposition 7.3 in this second appendix. 

Proof. {Proposition 7.3} The proof of this proposition is very similar to the proof of Propo- 
sition 17 from the appendix of [V], as the transform in question is still a J-Bessel transform. 

Lemma 9.1. Let A be a positive integer. Suppose there exists a function h(u,p) holomorphic 
for 1^(^)1 < A + e for some e, and rapidly decaying along vertical lines in the variable v. 
Let V = F h be the function associated to h by the Bruggeman-Motohashi inversion formula. 
Then one has an estimate for V and its derivatives near 0, given by V l (z) <^ z A ~ l . 

Proof. Same as Lemma 24 in [V], expand the J-Bessel function in the definition of B UyP (z) 
into its power series and estimate. □ 

We now discuss how to get good decay at oo. 

Lemma 9.2. Suppose for h(it,p) <^a e~ A l'l for all A. Then the function V = F h has the 
asymptotic expansion: 

oo oo oo oo 

V(z) = cos 2 (z - tt/4) E A n,m(h)z- n + sin 2 (^ - tt/4) ^ ]T B n , m (H)z~ n . 

n=l m=l n=l m=l 

The error of truncating at n is of order 0(z^ ( - n+1 ^), and 



A n , m {h) = y2 / a n ,m{it)h{it,p){p 2 + t 2 )dt. 



Here a njTn (z) are certain polynomials in z. Each derivative V^(z) also has an asymtotic 
expansion equal to that obtained by term by term differentiation. 
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Proof. Use a product of the standard asymptotic of the J-Bessel function at oo, as in [V]. 
For the asymptotic see [GR] (8.451). Expanding the Bessel function inside of the integral in 
terms of the asymptotic and interchanging the sum and integral using the exponential decay 
of h we get the result. For the derivative of V one uses the asymptotic expansion again and 
the fact J' v (z) = \(J v --i(z) - J v+1 (z)). □ 

Lemma 9.3. Fix M,N,p e Z and j e N and e > 0. There exists a holomorphic function 
h(is,p) with decay h(it,p) <Ca e~ A ^ along any vertical line, so that h(itj ,p ) = 1 and for 
j 7^ jo or p ^ po, h(itj,p) <C e[(l + |^|)(1 + M)] _Ar , so that also A n (h) vanish for n < 2M. 
This implies V(z) = F h (z) = 0(^ M ). 

Proof. Again the idea is analogous to [V]. We wan to show there exists an h such that 
A n (h) = for n < M. For T u T 2 eR and S u S 2 > 0, define 

1 (^ + T 2 } (w _ T2 ) 



iSl ,s 2 (z,w):= T1 —exp( - ) exp( 



SiS 2 n Si ! ^ 

Then hT lt T 2 ,6i,s 2 {z, w ) is holomorphic and as Si — > localizes around (±iT 1? T 2 ). It also clearly 
has the exponential decay h(it,p) <^a e~ A ^. From this constructed test function we will build 
a function 

Qi Q2 

h Su s 2 (z,w) = ^2^2c j c k h T ^ Tkt5l ,5 2 (z,w) 

3=1 k=l 

that fulfills the linear constraints (A n (h) = 0,n < M) and growth conditions (h(itj,p) <C 
e[(l + + \p\)]~ N ) of the lemma at the same time. 

As hs lt s 2 (z,w) is holomorphic in vertical strips by Lemma 9.1 it has rapid decay near 0. 
Its decay at oo is controlled by the coefficients 

Qi Q2 „ 
A n>m (hs lt s 2 ) = ^2^2^2 c j c k / a njm (it)h SltS2 (it,p)(p 2 + t 2 )dt, 
j=i k=i pez ^ R 

with a similar expansion for the coefficients B nm (h). As S\,S 2 — > the localization of h 
implies the integral associated to A n>m (hs lj s 2 ) approaches 

Qi Q 2 

Yl CjCka n ,rn( iT j)( T 3 2 + T k) + °T 3 ,T k {S X S 2 ) . 
3=1 k=l 

Suppose now we want to know exactly the asymptotic behavior of V = F h for j, k e {1, .., M}. 
We wish to choose Cj jk and Tj,T k such that Aj jk {h$ lj $ 2 ) = Vj jk , for some sequence {vj^f^i 
(similarly for Bj k ). Suppose Q 1 = Q 2 = M, then we wish to solve the linear system for 
unknown matrix {cj ik }^ k of size M x M, 

Here -D<5i,<5 2 is the M x M matrix with {j, k} entry a n ^ m {iTj)(Tj +T%) + OTj,T k {SiS 2 ). Similar 
to [V], it can be checked that the determinant of the matrix L>o,o is analytic function of 
Tj,T k and does not vanish in open sets of Tj,T k . Therefore we can apply Cramer's rule in 
each column to solve for the Cj tk . One can then perform this same operation including the 
coefficients associated to Bj tk (hs lt s 2 ), by looking at matrices of size 2M. 

Now choose a second function h itj , P0 ,Si,s 2 ( z , w ) that is localized at the specified points 
of our lemma. Then construct an hs lt s 2 {z) as above such that the associated Tj,T k are 
not tj ,p , and so that the asymptotic behavior of F hs ^ ^ matches that of —F hit po ^ s ^ up 
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to the M-th term of the asymptotic expansion. In other words the associated {vj^k]f^=i 
associated to hs u s 2 ( z ) are exactly the negatives of those associated to whatever coefficients 
are associated to the asymptotic expansion of hit HvP{h s lt s 2 {z,w). 

Then the function h' SlS2 = /i^- p 0j< 5 lj( 5 2 + hs lt s 2 wm have the property that Ftf <C z N near 
and F h i (z) <C z~ M near oo. 

By choosing 81,82 > sufficiently small and by our construction above, h'(itj ,po) : = 
^5i,<5 2 (%o)Po) — 1 while for any other {tj,p} combination h'(itj,p) <C e(5i,<5 2 )[(l + + 
|p|)] _Ar , for any integer N. □ 

{Conclusion of Proposition 7.3} 

By the above lemmas we know that there exists V = Fy associated to a h' that satisfies 
the conclusion of Proposition 7.3 except it is not of compact support. We can truncate this 
function following [V] again. Let g be a smooth compactly supported function on R such that 
g(x) = 1 on [—1, 1] and equal zero outside of [—2.2]. Then define V r (z) = F h /(z)g(log(\z\)r). 
Pointwise this converges to V(z) = F h /(z) as p — > 0, and is compactly supported. We then 
ask the behavior of h(V — V r , v,p)? Following [BMo] in the proof Theorem 11.1, one gets the 
estimate for any smooth function / with good decay properties at 00 

h(f,v,p)^(l + \v\ + \p\)- N 

for any integer N. Indeed, their proof depends on bounding the Mellin transform of / opti- 
mally which depends on applying integration by parts which then will then depend on the 
decay properties of / at 00. This is a similar argument to [V]. 

Therefore, choosing compactly supported test function instead of those we constructed 
above, does not affect the properties of the Bessel transform. We conclude that there exists 
a compactly supported V that has the properties of F h i, and the proposition is complete. 

□ 
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